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Endre Süli a,*, Igor Mozolevski b

a University of Oxford, Computing Laboratory, Wolfson Building, Parks Road, Oxford OX1 3QD, UK
b Federal University of Santa Catarina, Mathematics Department, Trindade, Florianópolis, SC, 88040-900, Brazil
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Abstract

We construct hp-version interior penalty discontinuous Galerkin finite element methods (DGFEMs) for the biharmonic equation,
including symmetric and nonsymmetric interior penalty discontinuous Galerkin methods and their combinations: semisymmetric meth-
ods. Our main concern is to establish the stability and to develop the a priori error analysis of these methods. We establish error bounds
that are optimal in h and slightly suboptimal in p. The theoretical results are confirmed by numerical experiments.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Conforming finite element methods for the numerical
solution of boundary value problems for the biharmonic
equation require that the approximate solution lie in a
finite-dimensional subspace of the Sobolev space H2(X).
In particular, this necessitates the use of C1 finite elements;
i.e., the basis functions of the finite element space, together
with their first partial derivatives, need to be continuous
over X. Because the construction of such finite element
spaces is fairly involved, H2(X)-conforming finite elements
are rarely used in practical computations. One way to relax
these regularity requirements is to use nonconforming
methods which rely on continuous finite element basis
functions that do not belong to C1ðXÞ (and are, therefore,
not included in H2(X) either). For details, see [13,14] and
references therein.

Other approaches to avoid the use of C1 finite elements
include hybrid and mixed finite element methods. The liter-
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ature on mixed methods is extensive, and we refer to the
survey paper [31] and the monograph of Brezzi and Fortin
[11] for general results concerning the construction and the
analysis of these methods. Some applications of mixed and
hybrid methods for the biharmonic problem are presented
in [21,34,19,12].

In recent years discontinuous Galerkin finite element
methods (DGFEMs) have been widely used for the numer-
ical solution of a large range of computational problems
for partial differential equations, including linear and non-
linear hyperbolic problems, convection-dominated diffu-
sion problems and second-order elliptic problems. For an
excellent historical survey of the subject, a summary of var-
ious DGFEMs, and an extensive list of references, we refer
to the special volume [15].

Already in some of the early papers on DGFEMs for
second-order elliptic equations the bilinear form of the
method included interior penalty terms to penalize jumps
across element faces in the numerical solution (cf.
[23,37,2]) and to ensure the coercivity of the bilinear form.
More recently, starting from the same basic premise, sev-
eral authors introduced DGFEMs for second-order elliptic
problems, such as the nonsymmetric interior penalty
DGFEM (NIPG) (cf. [28–30,36,18]), and the symmetric
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interior penalty DGFEM (SIPG) (cf. [2,37]). A discontinu-
ous Galerkin finite element method without interior pen-
alty terms was proposed by Baumann and Oden [8,24]. A
detailed study and a unified error analysis of DGFEMs
for second-order elliptic problems is given in the paper
by Arnold at al. [3].

An interior penalty finite element method for fourth-
order elliptic equations was proposed in [16] and in [6].
More recently this approach was further developed in
[17], where a continuous/discontinuous Galerkin method,
which combines concepts from the theory of continuous
and discontinuous Galerkin methods with ideas from the
theory of stabilized methods, was proposed for fourth-
order elliptic partial differential equations. The methods
developed in that work were based on the symmetric ver-
sion of the Interior Penalty Galerkin method; the Nonsym-
metric Interior Penalty Galerkin Method for fourth-order
elliptic equations was considered in [22].

The purpose of this paper is to extend to higher-order
elliptic equations the hp-version of the interior penalty
DGFEM in symmetric and nonsymmetric formulations.
Our main concern is to establish the stability of these meth-
ods and to derive a priori error bounds. For reasons of clar-
ity of exposition, we consider the simple case of the
Dirichlet problem for the biharmonic equation, although
the basic ideas developed here are readily extendable to
linear elliptic operators of order 2m for any m P 1.

The paper is structured as follows. In Section 2, we
introduce finite element spaces consisting of discontinuous
piecewise polynomials and broken Sobolev spaces. Then
we formulate, in Section 3, the model boundary value
problem for the biharmonic equation; we consider the
broken weak formulation of the problem, show the
consistency of this formulation leading to a Galerkin
orthogonality property, and demonstrate the boundedness
of the associated bilinear form. In Section 4 we present a
family of Discontinuous Galerkin methods for the bihar-
monic equation, which includes NIPG and SIPG methods
and their combinations: the semisymmetric methods
SSIPG1 and SSIPG2. In this section, we also prove the
coercivity of the general bilinear form and deduce from this
result the coercivity of these four methods, for suitable
choices of the penalty parameters. In Section 5 we prove
hp-version a priori error bounds in the energy norm for
the interior penalty Galerkin methods introduced in Sec-
tion 4. First, using the coercivity results from Section 4,
we prove hp-version error bounds for each of NIPG, SIPG,
SSIPG1 and SSIPG2, following the ideas from [26,27].
Then, in the case of the NIPG method, we present an alter-
native hp-version error analysis, inspired by the results of
[18]; thus we obtain the same order of convergence but with
a weaker restriction on the size of the penalty parameters
with respect to the polynomial degree p (cf. [22]). In partic-
ular, we establish error bounds that are optimal in h and
suboptimal in p. Section 6 presents a series of numerical
experiments which confirm the theoretically predicted con-
vergence rates.
2. Finite element spaces

Suppose that X is a bounded, open, convex polyhedral
domain in Rd , d P 2, with boundary oX which is the union
of its open (d � 1)-dimensional faces. Let us consider a
family of triangulations Kh of X, parametrized by h > 0.
That is, for each h > 0, Kh is a partition of X into disjoint
open convex polyhedral element domains K = Kj such that
X ¼

S
K2Kh

K, Ki \ Kj = ; for i 5 j and the intersection
Ki
T

Kj is either empty, a vertex, an edge or a face. We
define a piecewise constant mesh function hK by

hKðxÞ ¼ hK ¼ diamðKÞ; x 2 K; K 2K

and put

h ¼ max
K2Kh

hK :

Let bK be a fixed master element in Rd ; here we shall sup-
pose that bK is the open unit hypercube in Rd . We shall fur-
ther assume that each K 2Kh is an affine image of the
master element bK :

K ¼ F KðbK Þ; K 2Kh:

Let E be the set of all open (d � 1)-dimensional faces of
all elements K 2Kh. We also define a piecewise constant
face-function on E:

hEðxÞ ¼ he ¼ diamðeÞ; x 2 e; e 2 E:

Let us assume that the family of triangulations fKhgh>0 is
shape-regular (cf. Remark 2.2, p. 114, in [10]). We note that
for a shape-regular family there exists a positive constant c

(the shape-regularity constant), independent of h, such that

chK 6 he 6 hK ; 8K 2
[
h>0

Kh 8e 2 @K; ð1Þ

hence, for any element K 2Kh, hK and he are equal to
within a constant.

For a nonnegative integer m, we denote by QmðbK Þ the set
of all tensor-product polynomials of degree m or less in
each coordinate direction. Then, to each K 2Kh we assign
a nonnegative integer pK (the local polynomial degree) and
a nonnegative integer sK (the local Sobolev space index).
Collecting the pK, sK and FK in the vectors p ¼
ðpK : K 2KhÞ, s ¼ ðsK : K 2KhÞ and F ¼ ðF K : K 2KhÞ,
respectively, we introduce the finite element space

SpðX;Kh;FÞ ¼ fu 2 L2ðXÞ : ujK � F K 2 QpK
ðbK Þ 8K 2Khg:

Moreover we define, for the triangulation Kh, the broken
Sobolev space

H sðX;KhÞ ¼ fu 2 L2ðXÞ : ujK 2 HsK ðKÞ 8K 2Khg

equipped with the broken Sobolev norm and seminorm

kuks;Kh
¼

X
K2Kh

kuk2
HsK ðKÞ

 !1
2

; jujs;Kh
¼

X
K2Kh

juj2HsK ðKÞ

 !1
2

:
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We shall write HsðX;KhÞ, kuks;Kh
and jujs;Kh

when sK = s

for all K 2Kh. For u 2 H 2ðX;KhÞ let us write uK = ujK
and define the broken gradient rKh by ðrKh uÞjK ¼
ðrujKÞ and the broken Laplacian DKh by ðDKh uÞjK ¼
ðDujKÞ, K 2Kh.

Let us further introduce the set Eint of all interior faces

Eint ¼ fe 2 E : e � Xg
and the set E@ of all boundary faces

E@ ¼ fe 2 E : e � @Xg:
For an integer m we define

fpmgEðxÞ ¼ fpmge ¼
pm

K þ pm
K 0

2
; x 2 e; e 2 E;

where e 2 Eint and the elements K and K 0 share the face e;
for e 2 E@ , e � oK, we let fpmgEðxÞ ¼ pm

K .
Further, let

Cint ¼ fx 2 X : x 2 e for some e 2 Eintg
and C = Cint [ oX. We define, for u,v 2 L2(C), the inner
product

hu; viL2ðCÞ ¼
Z

Cint

uvdsþ
Z
@X

uvds

with associated norm k � kL2ðCÞ.

3. Weak formulation on broken Sobolev spaces

We consider the following boundary value problem:

D2u ¼ f in X;

u ¼ g0 on @X;

g � ru ¼ g1 on @X;

ð2Þ

where the operator D is defined by

Du ¼
Xd

i¼1

@2u
@x2

i
and D2u ¼ DðDuÞ;

g is the external unit normal vector to oX and f, g0 and g1

are given functions defined in X and on oX, respectively.
Under suitable conditions on X (for example, if X is convex
for d = 2) and on the data f, g0 and g1, the boundary value
problem (2) possesses a unique solution u 2 H4(X) that de-
pends continuously on the data of the problem (cf. [9]).

We now proceed with the derivation of the weak formu-
lation of the boundary value problem (2) for the bihar-
monic equation. We shall suppose for the moment that
the solution u of the problem is a sufficiently smooth func-
tion (the required regularity of u will be discussed later).

For each face e 2 Eint let i and j be such indices that i > j

and the elements Ki and Kj share the face e. Let us define
the (element-numbering-dependent) jump across e and
the mean value on e of u 2 H 1ðX;KhÞ by

½u�e ¼ uj@Ki\e � uj@Kj\e and fuge ¼
1

2
ðuj@Ki\e þ uj@Kj\eÞ;

respectively.
For the sake of convenience, we extend the definitions of
the jump and the mean value to faces e 2 E@ by letting

½u�e ¼ uje and fuge ¼ uje:

With each face e 2 Eint we associate the unit normal vector
m ¼ gKi

to e which points from Ki to Kj, and with each
e 2 E@ we associate the external unit normal vector
m = gK where e � oK.

Let us introduce the bilinear form

BDGðu; vÞ ¼ BKhðu; vÞ þ BCðu; vÞ þ Bsðu; vÞ; ð3Þ

where

BKhðu; vÞ ¼
X

K2Kh

hDu;DviL2ðKÞ; ð4Þ

BCðu; vÞ ¼ J 1ðu; vÞ þ k1J 1ðv; uÞ � ðJ 2ðu; vÞ þ k2J 2ðv; uÞÞ;
J 1ðu; vÞ ¼ hfm � rðDuÞg; ½v�iL2ðCÞ;

J 2ðu; vÞ ¼ hfDug; ½m � rv�iL2ðCÞ

ð5Þ

and

Bsðu; vÞ ¼ ha½u�; ½v�iL2ðCÞ þ hb½m � ru�; ½m � rv�iL2ðCÞ: ð6Þ

Here k1,k2 2 [�1,1] are real numbers, whose values are
chosen so as to ensure that BDG(Æ, Æ) has certain desirable
properties (such as symmetry and coercivity). The func-
tions a,b P 0 are defined on C by

aje ¼ ae; bje ¼ be 8e 2 E

and are referred to as the discontinuity-penalisation
parameters; the nonnegative constants ae and be depend
on the discretisation parameters h and p in a manner that
will be specified later on in the text.

We consider the linear functional l(Æ) on H 4ðX;KhÞ,
defined by

lðvÞ ¼ lDðvÞ þ lsðvÞ;

lDðvÞ ¼
X

K2Kh

hf ; viL2ðKÞ þ k1hg0; m � rðDvÞiL2ð@XÞ � k2hg1;DviL2ð@XÞ;

ð7Þ
lsðvÞ ¼ hag0; viL2ð@XÞ þ hbg1; m � rviL2ð@XÞ: ð8Þ

Then, the broken weak formulation of the boundary value
problem for the biharmonic equation reads as follows: find
u 2 H 4ðX;KhÞ such that

BDGðu; vÞ ¼ lðvÞ 8v 2 H 4ðX;KhÞ: ð9Þ

We shall associate with the bilinear form BDG(Æ, Æ) the
energy (semi)norm k Æ kD defined by

kuk2
D ¼ BKhðu; uÞ ¼

X
K2Kh

hDu;DuiL2ðKÞ; u 2 H 2ðX;KhÞ

ð10Þ



1854 E. Süli, I. Mozolevski / Comput. Methods Appl. Mech. Engrg. 196 (2007) 1851–1863
and the norms k Æ kDG and kj Æ kjDG, defined by

kuk2
DG ¼ kuk

2
D þ

ffiffiffi
a
p
½u�

�� ��2

L2ðCÞ þ
ffiffiffi
b

p
½m � ru�

��� ���2

L2ðCÞ
;

u 2 H 2ðX;KhÞ ð11Þ

and

jjjujjj2DG ¼ kuk
2
DGþ

1ffiffiffi
a
p fm � rðDuÞg
���� ����2

L2ðCÞ
þ 1ffiffiffi

b
p fDug
���� ����2

L2ðCÞ
;

u 2 H 4ðX;KhÞ: ð12Þ

The norm k Æ kDG represents an extension, to the bihar-
monic equation, of the norm introduced in [36,18] for
second-order elliptic equations, and the norm jjj Æ jjjDG

is analogous to the norm introduced by Baumann et al.
in [8,24] and by Baker et al. in [7].

Lemma 1. If a > 0 and b > 0 on E, then k Æ kDG is a norm on

H2ðX;KhÞ.
Proof. If kukDG = 0 for some u 2 H 2ðX;KhÞ, then u is a
solution to the following transmission problem:

Du ¼ 0; in K for all K 2Kh;

½u�e ¼ 0; ½m � ru�e ¼ 0 for all e 2 Eint;

u ¼ 0 for all e 2 E@:

Then, it follows from the theory of elliptic transmission
problems (e.g. [33,20]) that u = 0 on the whole of X. The
other axioms of norm (homogeneity and the triangle
inequality) are easily verified. h

We note in passing that since H 4ðX;KhÞ � H 2ðX;KhÞ,
then k Æ kDG is also a norm on H 4ðX;KhÞ and, therefore,
so is jjj Æ jjjDG.

With these definitions of DG-norms, we have the follow-
ing continuity result for the bilinear form (3), based on the
Cauchy–Schwarz inequality.

Theorem 2. Let BDG(Æ, Æ) be the bilinear form defined in (3)

with k1,k2 2 [�1,1] and a,b P 0. Then, there exists a
positive constant C, such that

jBDGðu; vÞj 6 CjjjujjjDGjjjvjjjDG:

Proof. This result follows by a simple extension of the
continuity estimates derived in [26]. h

Let us note that for k1 = k2 = �1 the bilinear form
BDG(Æ, Æ) is coercive on H 4ðX;KhÞ with respect to the norm
k Æ kDG, but is not continuous with respect to this norm;
this complicates the proof of the existence and uniqueness
of solution to the problem (9). To date, even for second-
order elliptic problems, the stability of the DGM, SIPG
and NIPG formulations has not been proved for d P 2;
for d = 1, the stability of DGM was shown in [4]. Recently
Romkes et al. [32] introduced a new stabilised DGM
(SDGM) formulation for second-order elliptic boundary
value problems and proved existence and uniqueness of a
solution to SDGM through establishing an inf–sup condi-
tion in an appropriate function space.

We shall now show that a strong solution to the bound-
ary value problem for the biharmonic equation, which is
smooth enough at the interelement boundaries, is the solu-
tion to the problem in the broken weak formulation. Let us
start by demonstrating weak continuity of fluxes across the
element faces e 2 Eint.

Lemma 3. Suppose that u 2 H4(X); then, for any e 2 Eint,
we haveZ

e
½u�vds ¼

Z
e
½m � ru�vds ¼

Z
e
½Du�vds

¼
Z

e
½m � rðDuÞ�vds ¼ 0 8v 2 L2ðeÞ:

Proof. We follow the ideas of [32], where the first two inte-
grals were shown to be equal to 0 for all v in L2(e), e 2 Eint,
when u 2 H2(X). To establish the remaining two equalities,
let e 2 Eint and let K and K 0 be the elements sharing the face
e. Let eK ¼ intðK [ K 0Þ. Then, for any u 2 DðeK Þ ¼ C10 ðeK Þ,
after integrating by parts, we haveZ

~K
DðDuÞudx ¼ �

Z
~K
rðDuÞ � rudxþ

Z
@ ~K

g � rðDuÞudx

¼ �
Z

~K
rðDuÞ � ruds:

If we split the left-hand side integral and perform integra-
tion by parts in each of K and K 0, we obtainZ

~K
DðDuÞudx ¼

Z
K

DðDuÞudxþ
Z

K 0
DðDuÞudx

¼ �
Z

K
rðDuÞ � rudx�

Z
K 0
rðDuÞ � rudx

þ
Z

e
g � ½rðDuÞ�uds

¼ �
Z

~K
rðDuÞ � rudxþ

Z
e

g � ½rðDuÞ�uds:

Now, from these two identities it follows thatZ
e

g � ½rðDuÞ�uds ¼ 0 8u 2 DðeK Þ: ð13Þ

Hence,Z
e

g � ½rðDuÞ�uds ¼ 0 8u 2 DðeÞ:

As DðeÞ is dense in L2(e), it follows thatZ
e

g � ½rðDuÞ�uds ¼ 0 8u 2 L2ðeÞ;

as required.
Similarly one can prove the weak continuity of Du. h

We note in passing that in the physically relevant special
case when d = 2,3, the Sobolev embedding theorem implies
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that H 4ðXÞ � C1ðXÞ, so the first two integrals in the above
lemma are then trivially equal to 0.

The following result, which was proved for NIPG in
[22], is still valid in the general case of d P 2.

Theorem 4. The broken weak formulation (9) of the bound-

ary value problem (2) is consistent in the space H4(X) in the

sense that any solution u to the boundary value problem, such

that u 2 H4(X), solves (9) as well.

An immediate consequence of consistency is the Galer-
kin orthogonality property

BDGðu� uWDG; vÞ ¼ 0 8v 2 H 4ðX;KhÞ; ð14Þ
where u 2 H4(X) is a strong solution to the boundary value
problem (2) and uWDG 2 H 4ðX;KhÞ is a solution to the
broken weak formulation.

For the sake of simplicity of presentation, we shall sup-
pose in what follows that the solution u to the boundary
value problem (2) is sufficiently smooth—specifically
u 2 H4(X); for, the broken weak formulation (9) of the
boundary value problem then admits a (unique) solution.
This strong regularity requirement on u is, in turn, also
needed in the proof of consistency of our discontinuous
Galerkin method below. On the other hand, at least for
the purposes of the analysis, the discontinuous Galerkin
method defined in the next section can be restated in
an equivalent form using the idea of polynomial trace
lifting – in the spirit of [3,25], for example, in the case of
second-order elliptic problems—to express the face integral
terms in the method as volume integrals. This results in a
new, consistent, bilinear form, defined over the space which
is the algebraic sum of H2(X) and the finite element space,
thereby relaxing the regularity assumption u 2 H4(X) to the
natural requirement that u 2 H2(X). For a survey of the
historical development of the concept of polynomial trace
liftings, we refer to the introductory section in the paper
of Ainsworth and Demkowicz [1].
4. DGFEM formulations and the coercivity of the bilinear
forms over finite element spaces

We can associate now with the broken weak for-
mulation considered above the following Discontinuous
Galerkin Finite Element Method (DGFEM): find
uDG 2 SpðX;Kh;FÞ such that

BDGðuDG; vÞ ¼ lðvÞ 8v 2 SpðX;Kh;FÞ: ð15Þ

In order to ensure that (15) is meaningful, we shall assume
that pK P 2 for all K 2Kh. We note that when pK = 2 for
all K 2Kh, then J1(w,v) = J1(v,w) = 0 for all w; v 2 SpðX;
Kh;FÞ, leading to a simplification of both BDG(w,v) and
l(v).

The choice k1 = k2 = �1 gives rise to the nonsymmetric
interior penalty Galerkin (NIPG) formulation, analogous
to the one that was considered by Rivière et al. [29,30,28]
and by Houston et al. [36,18] for second-order elliptic
equations. It is straightforward to show that the corre-
sponding bilinear form is coercive.

Theorem 5. Let k1 = k2 = �1, a > 0, b > 0; then the NIPG

method has a unique solution uDG 2 SðX;Kh;FÞ.

Proof. As it is easy to see from (5), for k1 = k2 = �1 we
have

BDGðu; uÞ ¼
X

K2Kh

kDuk2
L2ðKÞ þ

ffiffiffi
a
p
½u�

�� ��2

L2ðCÞ þ
ffiffiffi
b

p
½m � ru�

��� ���2

L2ðCÞ

� kuk2
DG 8u 2 SpðX;Kh;FÞ: ð16Þ

We showed earlier that k Æ kDG is a norm on the space
H 4ðX;KhÞ; thus, since SpðX;Kh;FÞ � H 4ðX;KhÞ, we have
that k Æ kDG is also a norm on SpðX;Kh;FÞ.

Therefore, BDG(Æ, Æ) is a coercive bilinear form on the
finite-dimensional space SpðX;Kh;FÞ, and hence the prob-
lem (15) has a unique solution in this space. h

Setting k1 = k2 = 1 yields the symmetric interior penalty
Galerkin (SIPG) formulation with a symmetric bilinear
form; unfortunately, this bilinear form is noncoercive
unless the penalty parameters are chosen sufficiently large.
This formulation is analogous to the one that was intro-
duced by Arnold [2] and Wheeler [37] for second-order
elliptic equations. For second-order elliptic PDEs, the
NIPG formulation without penalty terms, that is with
a = b = 0, corresponds to the Discontinuous Galerkin
Method (DGM) of Baumann and Oden [8,24]. In this
formulation the bilinear form is nonnegative. For the
biharmonic equation we shall introduce here two semi-
symmetric interior penalty Galerkin methods: SSIPG1
and SSIPG2, which correspond to k1 = �1, k2 = 1 and
k1 = 1, k2 = �1, respectively.

Lemma 6. Let BDG(Æ,Æ) be the bilinear form defined in (3)

with k1,k2 2 [�1,1] and with

ae ¼ ra
fp6ge

h3
e

; be ¼ rb
fp2ge

he

on E, where ra P ra > 0 and rb P rb > 0. Given that ca and

cb are positive constants (specified in the proof of the lemma)

such that

max
1þ k1

2
;
1þ k2

2

� �
ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !
< 1;

there exists a positive constant h, such that

BDGðu; uÞP hjjjujjj2DG 8u 2 SpðX;Kh;FÞ:
When pK = 2 for all K 2Kh, the last inequality is true for
any ae > 0, and with be defined as above.

Proof. Suppose that k1,k2 2 [�1,1], ca/ra > 0, cb/rb > 0,
and

max
1þ k1

2
;
1þ k2

2

� �
ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !
< 1:
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If k1 5 �1 and k2 5 �1 then,

max
1þ k1

2
;
1þ k2

2

� �
<

ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !�1

:

Thus, there exists e > 0 such that

max
1þ k1

2
;
1þ k2

2

� �
< e <

ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !�1

:

Consequently,

1� 1þ k1

2e
> 0; 1� 1þ k2

2e
> 0

and

1� e
ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !
> 0:

If, on the other hand, one or both of k1, k2 is equal to �1,
then each of these three inequalities holds trivially.

After this brief preparation, for k1,k2 2 [�1,1] we choose
h such that, simultaneously,

0 < h < 1� 1þ k1

2e
; 0 < h < 1� 1þ k2

2e

and

0 < h <

1� e
ca

ra

1þ k1

2

� �
þ cb

rb

1þ k2

2

� � !
1þ ca

ra
þ cb

rb

:

Then,

1� h� 1þ k1

2e
> 0; 1� h� 1þ k2

2e
> 0

and

1� h� ca

ra
hþ 1þ k1

2
e

� �
� cb

rb
hþ 1þ k2

2
e

� �
> 0:

We shall suppose in what follows that e and h are defined
as indicated above.

For an arbitrary u 2 SpðX;K;FÞ, we then have

BDGðu; uÞ � hjjjujjj2DG

¼ ð1� hÞBKhðu; uÞ þ ð1þ k1ÞJ 1ðu; uÞ
� ð1þ k2ÞJ 2ðu; uÞ þ ð1� hÞBsðu; uÞ

� h
1ffiffiffi
a
p fm � rðDuÞg
���� ����2

L2ðCÞ
þ 1ffiffiffi

b
p fDug
���� ����2

L2ðCÞ

 !
:

We note, in particular, that when pK = 2 for all K 2Kh,
then the second and the fifth term on the right-hand side
are equal to 0, so the general argument that now follows
can then be simplified and sharpened: for example, the
parameter ae > 0 can be chosen completely arbitrarily. To
avoid trivial cases, we shall suppose below that pK P 3;
nevertheless, we shall comment on deviations from the
general situation in the case of pK = 2, where appropriate.
We have

jJ 1ðu; uÞj 6
1

2
e

1ffiffiffi
a
p fm � rðDuÞg
���� ����2

L2ðCÞ
þ 1

e

ffiffiffi
a
p
½u�

�� ��2

L2ðCÞ

 !
and

jJ 2ðu; uÞj 6
1

2
e

1ffiffiffi
b
p fDug
���� ����2

L2ðCÞ
þ 1

e

ffiffiffi
b

p
½m � ru�

��� ���2

L2ðCÞ

 !
and therefore

BDGðu; uÞ � hjjjujjj2DG

P ð1� hÞBKh ðu; uÞ � hþ 1þ k1

2
e

� �
1ffiffiffi
a
p fm � rðDuÞg
���� ����2

L2ðCÞ

� hþ 1þ k2

2
e

� �
1ffiffiffi
b
p fDug
���� ����2

L2ðCÞ
þ 1� h� 1þ k1

2e

� � ffiffiffi
a
p
½u�

�� ��2

L2ðCÞ

þ 1� h� 1þ k2

2e

� � ffiffiffi
b

p
½m � ru�

��� ���2

L2ðCÞ
:

We note that when pK = 2 for all K 2Kh, then the second
term on the right-hand side vanishes for any choice of a > 0.

Given a face e 2 Eint, let K and K 0 be the elements
sharing the face e. Then, using the inverse inequalities

knk2
L2ð@KÞ 6 c0

p2
K

hK
knk2

L2ðKÞ and krnk2
L2ð@KÞ 6 c1

p6
K

h3
K

knk2
L2ðKÞ

8n 2 QpK
ðKÞ ð17Þ

with the constants c0, c1 depending only on the shape-reg-
ularity constant (see Theorem 4.76 in [35]), and by applying
(1), we obtain

1ffiffiffi
b
p fDug
���� ����2

L2ðeÞ
6

cb

rb

he

fp2ge

p2
K

2hK
kDuk2

L2ðKÞ þ
p2

K 0

2hK 0
kDuk2

L2ðK 0Þ

� �
6

cb

rb
ðkDuk2

L2ðKÞ þ kDuk2
L2ðK 0ÞÞ

with some constant cb that depends on c0. Since the faces
e 2 E@ can be handled quite similarly, we obtain

1ffiffiffi
b
p fDug
���� ����2

L2ðCÞ
6

cb

rb
BKhðu; uÞ:

Analogously we can prove that

1ffiffiffi
a
p fm � rðDuÞg
���� ����2

L2ðCÞ
6

ca

ra
BKhðu; uÞ;

where we denote by ca a generic constant that depends on
c1. When pK = 2, the left-hand side of the last inequality is
equal to zero, so the inequality holds trivially, without the
need to involve the second inverse inequality in (17).

Combining the above results, we obtain

BDGðu; uÞ � hjjjujjj2DG

P 1� h� ca

ra
hþ 1þ k1

2
e

� �
� cb

rb
hþ 1þ k2

2
e

� �� �
BKhðu; uÞ

þ 1� h� 1þ k1

2e

� � ffiffiffi
a
p
½u�

�� ��2

L2ðCÞ

þ 1� h� 1þ k2

2e

� � ffiffiffi
b

p
½m � ru�

��� ���2

L2ðCÞ
:
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Now, our choice of e and h ensures that the three constants
multiplying the expressions BKhðu; uÞ,

ffiffiffi
a
p
½u�k k2

L2ðCÞ andffiffiffi
b
p
½m � ru�

�� ��2

L2ðCÞ, respectively, are all positive. Hence, it
follows that

BDGðu; uÞ � hjjjujjj2DG P 0;

which is the desired result. When pK = 2 for all K 2Kh,
then the choice of ae > 0 is completely arbitrary. h

We can now easily deduce the coercivity of the bilinear
forms associated with the methods defined above. To avoid
trivialities, we shall suppose that pK P 3, K 2Kh; when
pK = 2 for all K 2Kh the theorem below still holds, except
the choice of ae > 0 is then arbitrary.

Theorem 7. Let BDG(Æ, Æ) be the bilinear form defined in (3)

with

ae ¼ ra
fp6ge

h3
e

and be ¼ rb
fp2ge

he
on E

and let ca and cb be positive constants as in Lemma 6. Let us

suppose that:

(i) for k1 = k2 = �1 (NIPG method) ra and rb are arbi-
trary positive numbers;

(ii) for k1 = k2 = 1 (SIPG method) ra P ra, rb P rb,

where ra and rb are some positive constants such that
ca
ra
þ cb

rb
< 1;

(iii) for k1 = �1, k2 = 1 (SSIPG1 method) ra > 0 and

rb P rb, where rb is some positive constant such that

rb > cb;

(iv) for k1 = 1, k2 = �1 (SSIPG2 method) ra P ra and
rb > 0, where ra is some positive contact such that

ra > ca.
Then, there exists a constant h > 0 such that

BDGðu; uÞP hjjjujjj2DG 8u 2 SpðX;Kh;FÞ:
5. Error estimation

In this section we prove hp-version a priori error esti-
mates in the k Æ kDG norm for the interior penalty Galerkin
methods introduced above. Given that the norm k Æ kDG is
subordinate to the norm kj Æ kjDG, it suffices to estimate the
error with respect to this latter norm.

Let Pp denote any (linear) projection operator from
H sðX;KhÞ onto the finite element space SpðX;Kh;FÞ. We
can then decompose the global error u � uDG as follows:

u� uDG ¼ ðu�PpuÞ þ ðPpu� uDGÞ � gþ n;

so we have

jjju� uDGjjjDG 6 jjjgjjjDG þ jjjnjjjDG: ð18Þ
Our error analysis below will provide a bound on jjjnjjjDG

in terms of suitable norms of g. Thereby, we shall obtain
a bound on jjju � uDGjjjDG in terms of various norms of
g. Hence, to complete the error analysis we shall need to
quantify norms of g in terms of the discretisation parame-
ters and Sobolev norms of the analytical solution u. To this
end, in what follows, we shall consider particular projectors
in H sðX;KhÞ. We shall rely on the following result from
approximation theory (cf. [5]).

Lemma 8. Suppose that a triangulation Kh of X consists of

d-dimensional simplices or parallelepipeds. Then, for every

u 2 H tðX;KhÞ, t ¼ ðtK : K 2KhÞ, and for each p ¼
ðpK : K 2Kh; pK 2 NÞ, there exists a projector

Ph
p : H tðX;KhÞ ! SpðX;Kh;FÞ; ðPh

puÞjK ¼ PhK
pK
ðujKÞ;

such that, for 0 6 q 6 tK,

ku�PhK
pK

ukHqðKÞ 6 C
hsK�q

K

ptK�q
K

kukHtK ðKÞ 8K 2Kh ð19Þ

and, for 0 6 q 6 tK � 1,

kDaðu�PhK
pK

uÞkL2ð@KÞ 6 C
h

sK�q�1
2

K

p
tK�q�1

2
K

kukHtK ðKÞ;

jaj ¼ q 8K 2Kh; ð20Þ

where sK = min(pK + 1, tK) and C is a constant independent

of u, hK and pK, but dependent on t ¼ maxK2Kh tK .

As in [18], we shall assume that the polynomial degree
vector p, with pK 2 N, has bounded local variation, that
is, there exists a constant q > 0 such that, for any pair of
elements K and K 0 which share some face e 2 E, one has

q�1pK 0 6 pK 6 qpK 0 :

Theorem 9. Suppose that X is a bounded polyhedral domain
in Rd and that fKhgh>0 is a shape-regular family of

triangulations, formed by d-dimensional parallelepipeds. Let

p ¼ ðpK : K 2Kh; pK 2 N; pK P 3;K 2KhÞ be any poly-

nomial degree vector of bounded local variation. For each

face e 2 E, we define positive, real, piecewise constant face-

functions a and b, by

ae ¼ ra
fp6ge

h3
e

and be ¼ rb
fp2ge

he
:

Let us also suppose that the parameters ra and rb are such

that the bilinear form BDG(Æ, Æ) is coercive (see Lemma 6
and Theorem 7). Then, if the analytical solution u to the

problem (9) belongs to the broken Sobolev space

H tðX;KhÞ, t ¼ ðtK : K 2Kh; tK P 4;K 2KhÞ, then the
solution uDG 2 SpðX;Kh;FÞ of the problem (15) satisfies

the following error bound:

ku� uDGk2
DG 6 C

X
K2Kh

h2sK�4
K

p2tK�7
K

kuk2
HtK ðKÞ; ð21Þ

where 2 6 sK 6 min (pK + 1, tK), and C is a constant depen-

dent only on the space dimension d, the shape-regularity
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constant c, the local polynomial degree variation constant q
and on t ¼ maxK2Kh tK .

Proof. From the Galerkin orthogonality property we have
that

BDGðu� uDG; nÞ ¼ 0;

since n ¼ Ppu� uDG 2 SpðX;Kh;FÞ. Therefore, we get

BDGðu� uDG; nÞ ¼ BDGðgþ n; nÞ
¼ BDGðg; nÞ þ BDGðn; nÞ ¼ 0;

that is

BDGðn; nÞ ¼ �BDGðg; nÞ and BDGðn; nÞ ¼ jBDGðg; nÞj:

Hence, from the coercivity and continuity of the bilinear
form BDG(Æ, Æ), we have

jjjnjjj2DG 6 h�1BDGðn; nÞ ¼ h�1jBDGðg; nÞj
6 CjjjgjjjDGjjjnjjjDG;

which implies that

jjjnjjjDG 6 CjjjgjjjDG

and from (18) we then get

jjju� uDGjjjDG 6 CjjjgjjjDG:

Thus, to complete the proof it only remains to estimate
each term that enters into the definition (12) of the norm
jjj Æ jjjDG, when applied to g.

We begin by noting that, using the inequality (19) with
q = 2, we get
X
K2Kh

kDgk2
L2ðKÞ 6 C

X
K2Kh

kgk2
H2ðKÞ 6 C

X
K2Kh

h2sK�4
K

p2tK�4
K

kuk2
HtK ðKÞ:

For a face e 2 E@ let K be the element such that e � oK,
and for a face e 2 Eint let K and K 0 be the elements sharing
the face e. We can then write

1ffiffiffi
a
p fm � rðDgÞg
���� ����2

L2ðCÞ
6

X
e2E@

1

ae
krðDgKÞk

2
L2ð@KÞ

þ
X

e2Eint

1

ae

1

2
krðDgKÞk

2
L2ð@KÞ þ

1

2
krðDgK 0 Þk

2
L2ð@K 0 Þ

� �
:

Applying in these inequalities (20) with q = 3 we get

1ffiffiffi
a
p fm � rðDgÞg
���� ����2

L2ðCÞ

6 C
X
e2E@

h3
e

fp6ge

h2sK�7
K

p2tK�7
K

kuk2
HtK ðKÞ

þ C
X

e2Eint

h3
e

fp6ge

h2sK�7
K

p2tK�7
K

kuk2
HtK ðKÞ þ

h2sK0 �7

K 0

p2tK0 �7

K 0

kuk2
HtK0 ðK 0Þ

 !

6 C
X

K2Kh

h2sK�4
K

p2tK�1
K

kuk2
HtK ðKÞ:
Analogously we deduce that

1ffiffiffi
b
p fDgg
���� ����2

L2ðCÞ
6 C

X
K2Kh

h2sK�4
K

p2tK�3
K

kuk2
HtK ðKÞ;

ffiffiffi
a
p
½g�

�� ��2

L2ðCÞ 6 C
X

K2Kh

h2sK�4
K

p2tK�7
K

kuk2
HtK ðKÞ

andffiffiffi
b

p
½m � rg�

��� ���2

L2ðCÞ
6 C

X
K2Kh

h2sK�4
K

p2tK�5
K

kuk2
HtK ðKÞ:

Combining these inequalities, we have

jjju� uDGjjj2DG 6 Cjjjgjjj2DG

6 C
X

K2Kh

h2sK�4
K

p2tK�4
K

þ h2sK�4
K

p2tK�1
K

þ h2sK�4
K

p2tK�3
K

þ h2sK�4
K

p2tK�7
K

þ h2sK�4
K

p2tK�5
K

� �
kuk2

HtK ðKÞ

6 C
X

K2Kh

h2sK�4
K

p2tK�7
K

kuk2
HtK ðKÞ;

hence (21) is proved. h

It is worth noting that the resulting a priori error esti-
mate is optimal in h but is p-suboptimal by 3

2
orders of p.

We also note that the theorem is still valid when pK = 2
for all K 2Kh, except, since in that case there is no con-
straint on the choice of ae from the point of view of co-
ercivity, we are free to choose ae so as to maximize the

convergence rate (e.g., ae ¼ ra
fpg3

e

h3
e

is an admissible choice).

Also, we have that $ Æ (Dg) = �$ Æ (Du), so the argument
is considerably simplified and leads to the following result:
if pK = 2 for all K 2Kh and the analytical solution u to
the problem (9) belongs to the broken Sobolev space
H tðX;KhÞ; t ¼ ðtK : K 2Kh; tK > 2;K 2KhÞ, then the
solution uDG 2 SpðX;Kh;FÞ of the problem (15) satisfies
the following optimal error bound:

ku� uDGk2
DG 6 C

X
K2Kh

h2sK�4
K kuk2

HtK ðKÞ; ð22Þ

where 2 6 sK 6 min(3, tK), and C is a constant dependent
only on the space dimension d, the shape-regularity con-
stant c and on t ¼ maxK2Kh tK .

Next we shall present an alternative proof of the a priori

error bound for the NIPG method, following the argument
given in [18]. While we cannot recover the optimality of the
error bound in p, we can reduce the power of p in the pen-
alty terms. As we have already derived an optimal error
bound in the case when pK = 2 for all K 2Kh, for the sake
of avoiding trivialities we concentrate on the case of
pK P 3, K 2Kh. We begin by proving the following
lemma, based on the fact that the bilinear form BDG(Æ, Æ)
is weakly coercive.

Lemma 10. Let BDG (Æ, Æ) be the bilinear form defined in (3)

with k1 = k2 = �1 and a > 0, b > 0 on C, and let Kh be a

shape-regular triangulation of X consisting of d-dimensional

parallelepipeds. Then, there exists a positive constant C,

which depends only on the dimension d and the shape-

regularity constant, such that the following inequality holds:
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knkDG 6 Cjjjgjjj�; ð23Þ
where

jjjgjjj2� ¼
X

K2Kh

kDgk2
L2ðKÞ þ

1ffiffiffi
a
p fm � rðDgÞg
���� ����2

L2ðCÞ

þ 1ffiffiffi
b
p fDgg
���� ����2

L2ðCÞ
þ

ffiffiffiffiffiffiffiffiffiffiffi
aþ c
p
ð Þ½g�
�� ��2

L2ðCÞ

þ
ffiffiffiffiffiffiffiffiffiffiffi
bþ d

p� �
½m � rg�

��� ���2

L2ðCÞ
ð24Þ

with c ¼ fp6gE n h3
E and d ¼ fp2gE n hE.

Proof. We see from the Galerkin orthogonality property
that to prove (23) it is sufficient to show that

knk2
DG ¼ BDGðn; nÞ ¼ jBDGðg; nÞj 6 Cjjjgjjj�knkDG;

so we now need to estimate each of the terms in (3).
For the first term we have
jBKhðg; nÞj 6
X

K2Kh

kDgk2
L2ðKÞ

 !1
2 X

K2Kh

kDnk2
L2ðKÞ

 !1
2

6

X
K2Kh

kDgk2
L2ðKÞ

 !1
2

knkDG:

For the next term, we can write

jBCðg; nÞj 6 jJ 1ðg; nÞj þ jJ 1ðn; gÞj þ jJ 2ðg; nÞj þ jJ 2ðn; gÞj:
Now,

jJ 1ðg; nÞj ¼
1ffiffiffi
a
p fm � rðDgÞg;

ffiffiffi
a
p
½n�

� 	
L2ðCÞ














6
1ffiffiffi
a
p fm � rðDgÞg
���� ����

L2ðCÞ

ffiffiffi
a
p
½n�

�� ��
L2ðCÞ

6
1ffiffiffi
a
p fm � rðDgÞg
���� ����

L2ðCÞ
knkDG

and

jJ 2ðg; nÞj 6
1ffiffiffi
b
p fDgg
���� ����

L2ðCÞ

ffiffiffi
b

p
½m � rn�

��� ���
L2ðCÞ

6
1ffiffiffi
b
p fDgg
���� ����

L2ðCÞ
knkDG:

The term J1(n,g) is bounded as follows:

jJ 1ðn; gÞj ¼
ffiffiffi
c
p ½g�; 1ffiffiffi

c
p fm � rðDnÞg

� 	
L2ðCÞ














6
ffiffiffi
c
p ½g�
�� ��

L2ðCÞ
1ffiffiffi
c
p fm � rðDnÞg
���� ����

L2ðCÞ
:

To bound the second factor on the right-hand side of the
last inequality, as in the proof of Lemma 6, we use the in-
verse inequalities (17); for example, for a face e 2 Eint we
have
1ffiffiffiffi
ce
p fm � rðDnÞg
���� ����2

L2ðeÞ
6 C

h3
e

fp6ge

p6
K

2h3
K

kDnk2
L2ðKÞ þ

p6
K 0

2h3
K 0
kDnk2

L2ðK 0Þ

 !
6 CðkDnk2

L2ðKÞ þ kDnk2
L2ðK 0ÞÞ;

where K and K 0 are the elements sharing the face e. There-
fore, we get

jJ 1ðn; gÞj 6 C
ffiffiffi
c
p ½g�
�� ��

L2ðCÞknkDG:

Similarly, we have

jJ 2ðn; gÞj 6 C
ffiffiffi
d
p
½m � rg�

��� ���
L2ðCÞ
knkDG:

Finally, let us note that

jBsðg; nÞj 6
ffiffiffi
a
p
½g�

�� ��
L2ðCÞ

ffiffiffi
a
p
½n�

�� ��
L2ðCÞ

þ
ffiffiffi
b

p
½m � rg�

��� ���
L2ðCÞ

ffiffiffi
b

p
½m � rn�

��� ���
L2ðCÞ

6

ffiffiffi
a
p
½g�

�� ��
L2ðCÞ þ

ffiffiffi
b

p
½m � rg�

��� ���
L2ðCÞ

� �
knkDG:

Collecting these bounds gives the desired result. h

Let us return, once again, to the a priori error analysis of
the hp-NIPG method.

Theorem 11. Let us suppose that X is a bounded polyhedral

domain in Rd and fKhgh>0 is a shape-regular family of

triangulations, consisting of d-dimensional parallelepipeds.

Let p ¼ ðpK : K 2Kh; pK 2 N; pK P 3; K 2KhÞ be any

polynomial degree vector of bounded local variation. To each

face e 2 E we assign the positive real constant face functions
a and b:

ae ¼ ra
fplage

h3
e

and be ¼ rb
fplbge

he
;

where ra, rb are arbitrary positive real numbers and

0 6 la 6 6; �2 6 lb 6 4:

Let us suppose that the analytical solution u to the problem

(9) belongs to H tðX;KhÞ, t ¼ ðtK : K 2Kh; tK P 4;
K 2KhÞ. Then, the solution uDG 2 SpðX;Kh;FÞ obtained
from the NIPG method (15) satisfies the following error

bound:

ku� uDGk2
DG 6 C

X
K2Kh

h2sK�4
K

p2tK�7
K

kuk2
HtK ðKÞ; ð25Þ

where 1 6 sK 6 min(pK + 1, tK) and C is a constant depen-

dent only on the space dimension d, the shape-regularity con-

stant c, the local polynomial degree variation constant q and

t ¼ maxK2Kh tK .

Proof. On comparing the expressions for the norms (16)
and (24), we see that

kgkDG 6 jjjgjjj� 8g 2 H sðX;KhÞ;
so from Lemma 10 we get

ku� uDGkDG 6 knkDG þ kgkDG 6 2jjjgjjj�:
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Consequently, estimating each of the terms on the right-
hand side of (24), as in proof of Theorem 9, we get

ku� uDGkDG

6 C
X

K2Kh

h2sK�4
K

p2tK�4
K

þ h2sK�4
K

p2tKþla�7
K

þ h2sK�4
K

p
2tKþlb�5
K

 !
kuk2

HtK ðKÞ

þ C
X

K2Kh

pla
K

h3
K

þ p6
K

h3
K

 !
h2sK�1

K

p2tK�1
K

þ p
lb
K

hK
þ p2

K

hK

 !
h2sK�3

K

p2tK�3
K

" #
kuk2

HtK ðKÞ

and hence we deduce (25). h
6. Numerical experiments

In this section we present some numerical experiments
to confirm the a priori error estimates stated in Theorems
9 and 11.

6.1. Example 1

In this example we consider the boundary value problem
(2) with X = (0, 1)2, g0 = g1 = 0 and with f chosen so that
the analytical solution to the problem is given by

uðx; yÞ ¼ ½xyð1� xÞð1� yÞ�2:
As one would expect, our numerical experiments show that
the DGFEM solution with p P 4 coincides with the analyt-
ical solution.

6.2. Example 2

In our second example we consider the same homoge-
neous Dirichlet problem as in Example 1, but now with
right-hand side f corresponding to the analytical solution

uðx; yÞ ¼ sin2ðpxÞ sin2ðpyÞ:
Of course, in this case uDG 5 u on all meshes and for all
values of the polynomial degree p.

Here we study the order of convergence of our interior
penalty methods with the following choice of the disconti-
nuity-penalization parameters:

ae ¼ ra
fplage

h3
e

and be ¼ rb
fplbge

he
; e 2 E:

We shall monitor the norms ku� uDGkL2ðX;KhÞ,
krðu� uDGÞkL2ðX;KhÞ and the energy norm ku � uDGkD.
For reasons of consistency, we use the energy norm rather
than the DG-norm, given that the energy norm kÆkD is inde-
pendent of the choice of the discontinuity-penalization
parameters.

We emphasize that in order to ensure that the a priori

error estimates for the symmetric and the semisymmetric
methods from the previous section are valid, the penalty
parameters ra and rb must be larger that the constants ra

and rb, respectively. These constants depend on the con-
stants in the inverse inequalities, the shape-regularity of
the mesh and the degree of the approximation polynomial,
and are difficult to determine in practise. For the present
model problem, for reasons of consistency, for each of
the methods considered we used the value ra = rb = 10
(which was found through numerical experiments).

In order to confirm the theoretical order of convergence,
we employed a sequence of structured quadrilateral meshes
fKhig where hi = 0.5hi�1, i P 1. The numerical order of
convergence mi was calculated from the formula

mi ¼
log10

Erriþ1

Erri

� �
log10ð0:5Þ

;

where Erri denotes a norm of the error on the mesh Khi .
We first consider the h-convergence of all four methods

with la = 4 and lb = 2 for p = 2 and la = 6 and lb = 2 for
p P 3.

In Tables 1–3 we show the numerical orders of conver-
gence of the energy norm of the error, the L2-norm of
the (broken) gradient of the error and of the L2-norm of
the error, respectively, for polynomials of degree 2–6. As
one can see from Table 1, all four methods exhibit the opti-
mal Oðhp�1Þ convergence in the energy norm for all p P 2,
as was shown in the previous section. With respect to the
other norms the situation is quite different.

We observe (Tables 2 and 3) that for p P 2 the L2-norm
of the (broken) gradient of the error of the SIPG method
and for p P 3 the L2-norm of the error of the SIPG
method, which is adjoint-consistent, still converge with
the optimal rates OðhpÞ and Oðhpþ1Þ, respectively. For
p = 2, instead of the expected third-order convergence with
respect to h, each of the methods considered exhibits sec-
ond-order convergence only. In the light of our earlier
remarks about the special structure of the method for the
case of p = 2 (viz. all terms involving third derivatives in
the definition of the method vanish) perhaps this should
not come as a complete surprise, although the proof of this
phenomenon is currently lacking. Another interesting
observation is that the SSIPG1 method—which, although
not adjoint-consistent, is symmetric with respect to each
of the terms involving derivatives up to and including sec-
ond order—exhibits optimal convergence rates in each of
the three norms as well, with the exception of the L2-norm
for p = 2. None of the other methods are adjoint-con-
sistent, and hence h-convergence for them is in general of
suboptimal rate in the L2-norm for all p P 2.

The broken H1 seminorm of the error of the NIPG
method behaves like OðhpÞ for even p (which is the optimal
convergence rate) and is (slightly) suboptimal for odd p,
while the L2-norm of the error converges with a suboptimal
rate; relative to p, the suboptimal rate is observed to be
higher for p even than for p odd. For second-order elliptic
problems on quadrilateral meshes, a dependence of the
convergence rate of the error in the L2-norm on the parity
of p has been reported by Baumann et al. [24]; there, how-
ever, the convergence rate in the L2 norm was observed to
be optimal (i.e. order p + 1) for odd p and suboptimal (of
order p, to be precise,) for even p. The SSIP2 method exhib-



Table 2
Orders of convergence for krðu� uDGÞkL2ðX�KhÞ

Method

SIPG SSIPG1 SSIPG2 NIPG NIPG*

(la, lb) (4,2) (0,0)

p = 2 2.2861 2.32007 2.39907 2.4322 2.26521
2.0196 2.03366 2.05333 2.07086 2.38498
2.00565 2.00918 2.00721 2.01155 2.07748

(la, lb) (6,2) (0,�2)

p = 3 0.8711 0.89521 0.99281 1.03424 1.9135
2.93462 2.932 2.81191 2.81191 2.05382
2.98257 2.98261 2.71454 2.71465 1.82807

p = 4 4.3231 4.31861 4.36413 4.36073 2.40315
3.94334 3.94415 3.97853 3.97951 2.69413
3.98555 3.98516 3.99644 3.99614 3.51232

p = 5 2.3936 2.42041 2.46272 2.49483 2.44798
4.97671 4.98171 4.87523 4.88217 4.94904
4.99072 4.99421 4.75988 4.76452 4.35182

p = 6 6.37182 6.37643 6.41637 6.41932 5.84764
5.96236 5.96326 5.99611 5.9964 5.70101
5.99103 5.99049 6.00071 5.99951 5.54671

Table 1
Orders of convergence for ku� uDGkD

Method

SIPG SSIPG1 SSIPG2 NIPG NIPG*

(la, lb) (4,2) (0,0)

p = 2 1.25884 1.25831 1.25708 1.25544 1.13508
0.97791 0.97837 0.97879 0.98002 1.01946
0.99467 0.99473 0.99520 0.99550 1.01653

(la, lb) (6,2) (0,�2)

p = 3 0.46813 0.46272 0.46324 0.46264 1.38958
1.98228 1.98191 1.98236 1.98228 2.1018
1.99584 1.99568 1.99578 1.99573 2.09398

p = 4 3.38414 3.38354 3.38291 3.34613 2.52516
2.97853 2.97891 2.97783 2.96924 2.59447
2.99686 2.99607 2.99686 2.99293 2.8664

p = 5 1.75198 1.7485 2.84983 1.75029 1.72059
3.97925 3.97889 4.27051 3.9789 4.42657
3.99511 3.99482 4.15477 3.99497 4.24959

p = 6 5.41404 5.41254 5.41224 5.41314 5.04371
4.97765 4.97778 4.97775 4.97784 4.90484
4.99531 4.99528 4.99522 4.99524 4.92453
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its analogous behaviour in the L2 norm as well as in the
broken H1 seminorm. In the last columns of Tables 1–3
(NIPG*) we present convergence results for the NIPG
method with la = 0 and lb = �2 for p P 3 and la = 0 and
lb = 0 for p = 2, cf. Theorem 11. We observe that the error
h-converges with optimal rate p � 1 in the energy norm and
the rate of convergence is improved for larger values of p.
The rate of convergence of all of the other norms of the
error is suboptimal and is worse than the convergence rate
of the error of the method with la = 6 and lb = 2.
Figs. 1–3 display the convergence with p-refinement for
fixed h of the energy norm, the broken H1 seminorm and
the L2 norm of the error for all four versions of DGFEM.
Since the solution u of the test problem is a (real) analytic
function, an exponential rate of the convergence under p-
enrichment is expected. Indeed, on a fixed uniform square
mesh, Figs. 1–3 show exponential convergence with p in all
three norms for each of the methods considered.

Fig. 1 clearly confirms that all four versions exhibit an
identical behavior in the energy norm. We remark that



Fig. 1. Convergence of the DGFEMs for the biharmonic equation in the
energy norm under p-refinement.

Fig. 2. Convergence of the DGFEMs for the biharmonic equation in the
H1(X) seminorm under p-refinement.

Fig. 3. Convergence of the DGFEMs for the biharmonic equation in the
L2(X) norm under p-refinement.

Table 3
Orders of convergence for ku� uDGkL2ðX�KhÞ

Method

SIPG SSIPG1 SSIPG2 NIPG NIPG*

(la, lb) (4,2) (0,0)

p = 2 2.28014 2.31378 2.39167 2.42438 2.24617
2.01659 2.03049 2.04977 2.0671 2.44727
2.0051 2.0086 2.00666 2.01097 2.12086

(la, lb) (6,2) (0,�2)

p = 3 0.83429 0.94915 1.3146 1.4291 2.71055
3.94158 3.96729 2.55163 2.55237 1.8365
3.97525 3.99599 2.1728 2.18075 1.60348

p = 4 5.19749 5.17607 4.87001 4.82593 2.44499
4.90448 4.88257 4.49589 4.4629 2.71621
4.97582 4.92418 4.30752 4.27498 3.49241

p = 5 3.01595 3.09147 2.84983 2.93078 2.56052
5.95887 5.96873 4.27051 4.2903 5.61809
5.98334 5.99164 4.15477 4.16822 3.96086

p = 6 7.34539 7.3398 6.81645 6.81137 5.63235
6.95115 6.94587 6.42796 6.41393 5.32673
6.9871 6.94132 6.26071 6.21905 4.94726
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the SIPG and SSIPG1 methods share the same behavior
with respect to the broken H1 seminorm of the error
(Fig. 2) and the L2 norm of the error (Fig. 3). Similarly,
the error of SSIPG2 and NIPG exhibit the same behavior
with respect to these two norms as well. We note that the
error of the NIPG* method is worse in each of the norms,
but the exponential convergence rate of NIPG* under
p-refinement seems to be the same as for any of the other
methods considered.

Thus, for fourth-order elliptic problems, we have
numerically confirmed the theoretically predicted h-opti-
mal convergence rate in the energy norm for the SIPG,
SSIPG1, SSIPG2 and NIPG methods for all p P 2. We
also observed optimal order convergence of the error for
the SIPG and SSIPG1 methods in the broken H1 seminorm
for all p P 2 and in the L2 norm for all p P 3. The conver-
gence rate of the error in the broken H1 seminorm for the
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SSIPG2 and NIPG methods is only optimal for p even,
while the convergence rate of these two methods in the
L2 norm is suboptimal for all values of p.
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